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The trisectrix of Maclaurin
To bisect an angle means to divide it into two 
equal angles. It is possible to bisect an angle 
using a ruler and compasses. The construction is 
illustrated in FIG. C1.

FIG. C1

To trisect an angle means to divide into three equal 
angles. It is impossible to trisect an angle using 
a ruler and compasses alone but mathematicians 
found other methods.

In 1742, Colin Maclaurin first studied a curve which 
can be used to trisect an angle. The curve is called 
the Trisectrix of Maclaurin.

The equation of the curve in cartesian form is 
( )

y a x
x a x32
2

=
+
- , where a is a constant. The curve is 

shown in FIG. C2 below. Only values of a 02  are 
considered in this article.
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It can be shown that everywhere on the curve 

a x
a x3 0H
+
- . It follows that a x3 0H-  and a x 02+ .

The curve has the trisection property illustrated 
in FIG. C2.

FIG. C2
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The point C has coordinates (2a, 0) and Q is the 
point where the curve crosses the positive x-axis. 
The point P is a general point (x, y) on the loop of 
the curve. The origin of the coordinate system is 
denoted by O.

The dashed line is an asymptote to the curve.

If the line CP makes an angle 3i with the positive 
x-axis then the line OP makes an angle i with the 
positive x-axis. Angles are measured anticlockwise 
from the positive x-axis.

To use the curve to trisect an angle, place the 
angle in position QCP. One arm of the angle (CQ) 
lies along the x-axis. The other arm of the angle 
meets the curve at the point P. Angle QOP is one 
third of angle QCP.

Deriving the cartesian equation of the trisectrix

Using the formula for ( )tan A B+  in terms of tanA 

and tanB, it can be shown that ( )tan
t

t t3
1 3
3

2

2
i =

-

- , 
where tant i= .

From this and FIG. C2 it follows 

that 
( )y

x a
t t

t2
3
1 3

2

2-
=

-

- .

Hence 
( )t y

a
t t

t1 2
3
1 3

2

2
- =

-

- .
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It then follows that 
( ) ( )y

a
t t t

t
t t

t2 1
3
1 3

3
2 2

2

2

2

2
= -

-

-
=

-

+  so 

( )y
a

t t
t

3
1

2

2
=

-

+  and this gives the parametric equation 

for y, ( )
y

t
at t
1
3

2

2
=

+

- .

The equation for x follows from tan x
y

i = . Together 
with the parametric equation for y, this leads 

to ( )
x

t
a t
1
3

2

2
=

+

- .

The parameter t can be eliminated from the 
parametric equations to derive the cartesian 

equation ( )
y a x

x a x32
2

=
+
- , as stated in line 14.
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